We determine the non-perturbative gluon condensate of four-dimensional SU(3) gauge theory in a model independent way. This is achieved by carefully subtracting high order perturbation theory results from non-perturbative lattice QCD determinations of the average plaquette. No indications of dimension two condensates are found. The value of the gluon condensate turns out to be of a similar size as the intrinsic ambiguity inherent to its definition.
where the expectation values of local operators O d are suppressed by inverse powers of a large external momentum Q ≫ Λ QCD , according to their dimensionality d. The Wilson coefficients C d (α) encode the physics at momentum scales larger than Q. These are well approximated by perturbative expansions in the strong coupling parameter α. The large-distance physics is described by the matrix elements O d that usually have to be determined non-perturbatively. Almost all QCD predictions of relevance to particle physics phenomenology are based on factorizations that are generalizations of the above generic OPE.
For correlators where O 0 = 1, the first term of the OPE expansion is a perturbative series in α. In pure gluodynamics the first non-trivial gauge invariant local operator has dimension four. Its expectation value is the so-called non-perturbative gluon condensate
=
This condensate plays a fundamental role in phenomenology, in particular in sum rule analyses, as for many observables it is the first non-perturbative OPE correction to the purely perturbative result. In this Letter we will compute (and define) this object. For this purpose we use the expectation value of the plaquette calculated in Monte-Carlo (MC) simulations in lattice regularization with the standard Wilson gauge action [5] 
where Λ E is a Euclidean spacetime lattice and
For details on the notation see [6] . The corresponding OPE reads
where a denotes the lattice spacing. The perturbative series is divergent due to renormalons [7] and other, subleading, instabilities. This makes any determination of O G ambiguous, unless we define how to truncate or how to approximate the perturbative series. A reasonable definition that is consistent with O G ∼ Λ 4 QCD can only be given if the asymptotic behaviour of the perturbative series is under control. This has only been achieved recently [6] , where the perturbative expansion of the plaquette was computed up to O(α 35 ). The observed asymptotic behaviour was in full compliance with renormalon expectations, with successive contributions starting to diverge for orders around α 27 -α 30 within the range of couplings α typically employed in present-day lattice simulations.
Extracting the gluon condensate from the average plaquette was pioneered in [8] [9] [10] [11] and many attempts followed during the next decades, see, e.g. [12] [13] [14] [15] [16] [17] [18] [19] . These suffered from insufficiently high perturbative orders and, in some cases, also finite volume effects. The failure to make contact to the asymptotic regime prevented a reliable lattice determination of O G . We solve this problem in this paper.
Truncating the infinite sum at the order of the minimal contribution provides one definition of the perturbative series. Varying the truncation order will result in changes of size Λ 4 QCD a 4 , where the dimension d = 4 is determined by that of the gluon condensate. We approximate the asymptotic series by the truncated sum
n 0 ≡ n 0 (α) is the order for which p n0 α n0+1 is minimal. We then obtain the gluon condensate from the relation
For the plaquette, the inverse Wilson coefficient
is proportional to the β-function [20, 21] . For j ≤ 3 the coefficients β j are known in the lattice scheme (see Eq. (25) of [6] ). The corrections to C G = 1 are small. However, the O(α 2 ) and O(α 3 ) terms are of similar sizes. We will account for this uncertainty in our error budget.
Integrating the β-function results in the following dependence of the lattice spacing a on the coupling α:
where (9) is not accurate in the lattice scheme for typical β-values (β ≡ 3/(2πα)) used in present-day simulations. (7) evaluated using the N = 16 and N = 32 MC data of [24] . The N = 32 outer error bars include the error of SP (α). The error band is our prediction for OG , Eq. (11).
Instead, we employ the phenomenological parametrization of [22] 
obtained by interpolating non-perturbative lattice simulation results. Eq. (10) was reported to be valid within an accuracy varying from 0.5% up to 1% in the range [22] 5.7 ≤ β ≤ 6.92. We plot the ratio of the above two equations r 0 Λ latt in Fig. 1 , where we truncate Eq. (9) at different orders. The green error band corresponds to [23] r 0 = 0.0209(17)/Λ latt ≃ 0.5 fm (Λ MS ≈ 28.809Λ latt ). For large β-values this ratio should approach a constant. Up to β ≈ 6.7 this appears to be the case, however, for β > 6.7 the slope of the ratio starts to increase. This may indicate violations of Eq. (10) for β > 6.7. Therefore, we will restrict ourselves to the range β ∈ [5. 8, 6 .65], where a(β) is given by Eq. (10). This corresponds to (a/r 0 ) 4 ∈ [3.1 × 10 −5 , 5.5 × 10 −3 ], covering more than two orders of magnitude.
Following Eq. (7), we subtract the truncated sum S P (α) calculated from the coefficients p n of [6] from the MC data on P MC (α) of [24] . Multiplying this difference by 36r
, where r 0 /a is given by Eq. (10), gives r 4 0 O G plus higher order non-perturbative terms. We show this combination in Fig. 2 . The smaller error bars represent the errors of the MC data, the outer error bars (not plotted for N = 16) the total uncertainty, including that of S P . This part of the error is correlated between different β-values. The MC data were obtained on volumes N 4 = 16 4 and N 4 = 32 4 . Towards large β-values the physical volumes N 4 a 4 (β) will become small, resulting in transitions into the deconfined phase. For β < 6.3 we find no significant differences between the N = 16 and N = 32 results. In the analysis we restrict ourselves to the more precise N = 32 data and, to keep finite size effects under control, to β ≤ 6.65. We also limit ourselves to β ≥ 5.8 to avoid large O(a 2 ) corrections. At very large β-values not only the parametrization Eq. (10) breaks down but obtaining meaningful results becomes challenging numerically: the individual errors both of P MC (α) and of S P (α) somewhat decrease with increasing β. However, there are strong cancellations between these two terms, in particular at large β-values, since this difference decreases with a −4 ∼ Λ 4 latt exp(16π 2 β/33) on dimensional grounds while P MC depends only logarithmically on a.
The coefficients p n of S P (α) have been obtained in [6] . The p n carry statistical errors and successive orders are correlated. Using the covariance matrix, also obtained in [6] , the statistical error of S P (α) can be calculated. In that reference, coefficients p n (N ) were first computed on finite volumes of N 4 sites and subsequently extrapolated to their infinite volume limits p n . This extrapolation is subject to parametric uncertainties that need to be estimated. We follow [6] and add the differences between determinations using N ≥ ν points for ν = 9 (the central values) and ν = 7 as systematic errors to our statistical errors.
The data in Fig. 2 show an approximately constant behaviour.
1 This indicates that, after subtracting S P (α) from the corresponding MC values P MC (α), the remainder scales like a 4 . This can be seen more explicitly in Fig. 3 , where we plot this difference in lattice units against a 4 . The result is consistent with a linear behaviour but a small curvature seems to be present that 1 Note that n 0 increases from 26 to 27 at β = 5.85, from 27 to 28 at β = 6.1 and from 28 to 29 at β = 6.55. This quantization of n 0 explains the visible jump at β = 6.1.
can be parametrized as an a 6 -correction. The right-most point (β = 5.8) corresponds to a −1 ≃ 1.45 GeV while β = 6.65 corresponds to a −1 ≃ 5.3 GeV. Note that a 2 -terms are clearly ruled out.
We now determine the gluon condensate. We obtain the central value and its statistical error O G = 3.177(36)r −1 0 from averaging the N = 32 data for 6.0 ≤ β ≤ 6.65. We now estimate the systematic uncertainties. Different infinite volume extrapolations of the p n (N ) data [6] result in changes of the prediction of about 6%. Another 6% error is due to including an a 6 -term or not and varying the fit range. Next there is a scale error of about 2.5%, translating a 4 into units of r 0 . The uncertainty of the perturbatively determined Wilson coefficient C G is of a similar size. This is estimated as the difference between evaluating Eq. (8) 
The gluon condensate Eq. (2) is independent of the renormalization scale. However, O G was obtained employing one particular prescription in terms of the observable and our choice of how to truncate the perturbative series within a given renormalization scheme. Different (reasonable) prescriptions can in principle give different results. One may for instance choose to truncate the sum at orders n 0 (α) ± n 0 (α) and the result would still scale like Λ 4 QCD . We estimated this intrinsic ambiguity of the definition of the gluon condensate in [6] 
.e. as n 0 (α) times the contribution of the minimal term:
Up to 1/n 0 -corrections this definition is scheme-and scale-independent and corresponds to the (ambiguous) imaginary part of the Borel integral times 2/π. In QCD with sea quarks the OPE of the average plaquette or of the Adler function will receive additional contributions from the chiral condensate. For instance O G needs to be redefined, adding terms ∝ γ m (α)mψψ [25] . Due to this and the problem of setting a physical scale in pure gluodynamics, it is difficult to assess the precise numerical impact of including sea quarks onto our estimates
which we obtain using r 0 ≃ 0.5 fm [26] . While the systematics of applying Eqs. (11)- (12) to full QCD are unknown, our main observations should still extend to this case. We remark that our prediction of the gluon condensate Eq. (13) 0.02 GeV 4 [28, 29] . However, these numbers were not extracted in the asymptotic regime, which for a d = 4 renormalon we expect to set in at orders n 7 for the MS scheme. Moreover, we remark that in schemes without a hard ultraviolet cut-off, like dimensional regularization, the extraction of O G can become obscured by the possibility of ultraviolet renormalons. Independent of these considerations, all these values are smaller than the intrinsic prescription dependence Eq. (12) .
Our analysis confirms the validity of the OPE beyond perturbation theory for the case of the plaquette. Our a 4 -scaling clearly disfavours suggestions about the existence of (non-local) dimension two condensates beyond the standard OPE framework [16, [30] [31] [32] . In fact we can also explain why an a 2 -contribution to the plaquette was found in [16] . In the log-log plot Fig. 4 we subtract sums S n , truncated at different fixed orders α n+1 , from P MC . The scaling continuously turns from ∼ a 0 at O(α 0 ) to ∼ a 4 around O(α 30 ). Note that truncating at an α-independent fixed order is inconsistent, explaining why we never exactly obtain an a 4 -slope. For n ∼ 9 we reproduce the a 2 -scaling reported in [16] for a fixed order truncation at n = 7. In view of Fig. 4 we conclude that the observation of this scaling power was accidental.
The methods used in this paper can be applied to other observables. As an example we analyse the binding energy Λ = E MC (α) − δm(α) [33] [34] [35] of heavy quark effective theory. The perturbative expansion of aδm(α) = n c n α n+1 was obtained in [36, 37] in [37, 38] . MC data for the ground state energy E MC of a static-light meson with the Wilson gauge action can be found in [39] [40] [41] . While for the gluon condensate we expected an a 4 -scaling (see Fig. 3 ), for aE MC (α) − aδm(α) we expect a scaling linear in a. Comforting enough this is what we find, up to aO(a) discretization corrections, see ing the partial sum truncated at orders n 0 (α) = 6 from the β ∈ [5.9, 6.4] data, we obtain Λ = 1.55(8)r −1 0 from such a linear plus quadratic fit, where we only give the statistical uncertainty. The errors of the perturbative coefficients are all tiny, which allows us to transform the expansion aδm(α) into MS-like schemes and to compute Λ accordingly. We define the schemes MS 2 and MS 3 by truncating α MS (a
and O(α 4 ), respectively. The d j are known for j ≤ 3 [37, 38] . We typically find n 0 , adding confidence that our definition of the ambiguity is neither a gross overestimate nor an underestimate. For the plaquette, where we expect n MS 0 ∼ 7, we cannot carry out a similar analysis, due to the extremely high precision that is required to resolve the differences between S P (α) and P MC (α), which largely cancel in Eq. (7).
In conclusion, we have obtained an accurate value of the gluon condensate in SU(3) gluodynamics after subtracting the perturbative series truncated at the order of its minimal term from the non-perturbative plaquette. The gluon condensate, Eq. (11), is found to be of a similar size as the intrinsic difference, Eq. (12), between (reasonable) subtraction prescriptions. Its scaling with the lattice spacing confirms the dimension d = 4 and we find no evidence of condensates of any lower dimension. Dimension d < 4 condensates are only obtained as artefacts of truncating the series at fixed pre-asymptotic orders, which explains earlier claims in the literature.
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